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First-order phase transition and metastability in the critical
two-dimensional Ising model
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Abstract. The fermionic version of the two-dimensional Ising model in a uniform magnetic field
is studied. Its approximate but rather accurate solution was obtained recently in a varational
procedure based on the BCS ansatz for the ground state. Here, this solution is continued
analytically into the complex H-plane in the vicinity of the origin. In the ferromagnetic phase
an essential singularity in the free-energy is observed at the point & = 0 of the type predicted by
the droplet condensation theory. Simple phenomenological estimates for the radius of the critical
droplet and for the rate of decay of metastable states are confirmed by microscopic calculations,

1. Introduction

The problem of analytical continuation of thermodynamic functions into the metastable
region beyond the point of the first-order phase transition has been of considerable interest
for many years. Traditionally it is concerned with the Ising-like models of a ferromagnet
or lattice gas.

Two main approaches have been widely discussed in literature.

(i) In the van der Waals and equivalent approximate theories, the thermodynamic
functions are analytical in the line of the first-order phase transition H = 40, T < Tg.~
Their analytical continuation to negative magnetic fields is associated with metastable states;
it is terminated by the spinodal line, where the magnetic susceptibility diverges.

(ii} Qualitatively different predictions are given by the droplet, or cluster theory of
condensation. In phenomenological form the theory was put forward by Frenkel [1], Band
[2] and Bijl [3] after stimulating Mayer’s analysis [4] of the high-order cluster integrals. In
the droplet theory the metastable state has a finite lifetime and its relaxation is caused by
the fluctuating appearance and subsequent growth of a critical droplet of the stable phase.
Droplets are treated as spheres with free-energies determined by their radii.

The droplet model was reviewed critically and extended by Essam and Fisher [5], and
in more detail by Fisher {6]. Considering an 1deal gas” of isolated clusters of different
size and shape, Fisher constructed an approximate ‘mimic’ partition function. The main
conclusions arising from this work are as follows.

(i) At the point A = +0 the free-energy has a very weak essential singularity which
prevents it from analytical continuation through the point H = 0 into the metastable phaset
H <0

§ This result was obtained independently by Andreev [7].
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{ii) In the stable region & > 0 the radius of convergence of the activity series (in
magnetic terminology the activity u is given by p = exp[—2H /kpgT]) is determined by the
above mentioned singularity at @ = 1.

(iii) The free-energy can be analytically continued from positive 10 negative magnetic
fields by passing around the singularity in the complex H-plane. In the half-line H < 0
the free-energy continuation has a non-zero imaginary part,

It should be noted that Fisher’s treatment ignores the interaction between clusters. This
approximation is reasonable in the so-called dilute limit, where the density of clusters is
small, i.e. at temperatures well below the Curie point T¢.

A further strong support to the droplet model was given by Isakov [8]. He proved
rigorously that the free-energy of the d-dimensional Ising model has an essential singularity
at the point H = 0 for small enough temperatures. An important insight into the
mathematical nature of the droplet thecry was made by Langer [9]. He studied a certain
one-dimensional quantum model with a Hamiltonian simulating the transfer matrix of the
2D Ising model in a uniform magnetic field. In microscopic analysis, Langer reproduced ail
the main features of the droplet model. Furthermore, he demonstrated in his model that the
Hamiltonian ground state continuation in the metastable region became unstable due to the
effect of quantum tunnelling. Langer then conjectured that the imaginary part of the free-
energy in the line HM < 0 ‘ought to be identified with the rate of decay of the metastable
state under some suitable stochastic process’. Subsequent investigations supported this
conjecture, though its domain of validity is not completely clear (for more detail see {10, 11]
and references therein). For low enough temperatures T < 0.8T¢ droplet theory predictions
were confirmed in extensive numerical studies by Rikvold with collaborators [10-12].

Thus, the droplet theory of condensation now has a reliable microscopic foundation
in the dilute limit. In contrast, the situation is less certain in the scaling region. Direct
extrapolation of Fisher’s partition function into the scaling region discussed in [6] seems
problematic. Domb [13] proposed a modification of Fisher’s treatment to take into account
the effect of the interaction between droplets and to extend the class of configurations
considered. His suggestion is that the droplet model is applicable in the dilute limit only,
while at higher temperatures the system exhibits behaviour of the van der Waals type. Enting
and Baxter [14] investigated the critical thermodynamics by studying the high-field series
for the 2D Ising model. They conclude that their results ‘are consistent with the predictions
of the droplet model, rather than indicating the existence of spinodal’. Abraham and Upton
[15] came to the same conclusion upon analysis of the correlation function structure.

The present study is based on the recent analysis [16, 17] of a simple fermionic model,
which is equivalent in the critical region to the 2D Ising model in a uniform magnetic field.
The model small-H thermodynamics was described rather accurately by an approximate
variational procedure, being very similar to that of the famous article by Bardeen, Cooper
and Schrieffer [18] where they explain the nature of superconductivity. Here we examine
analytical properties of the solution obtained in [16} near the line of the first-order phase
transition H = 0, T < ¢ for complex values of a magnetic field H. Though we are
primarily interested in the scaling region, the dilute limit is also considered to make a
useful link with well known results.

The paper is organized as follows. In section 2 we 1eview the droplet theory predictions
for the radius of the critical droplet and for the rate of decay of metastable states in the critical
20 Ising model. A simple fermionic realization of the Ising model in a non-zero magnetic
field and its approximate solution [16,17] are described briefly in section 3. Sections 4
and 5 give asymptotical analysis of the above mentioned solution for small complex values
of a magnetic field in the dilute and scaling limits respectively. In both limits we find
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an essential singularity at the origin H = 0 of the type predicted by the droplet model,
and Langer’s conjecture is verified in the scaling region. Concluding remarks are given in
section 6.

2. Phenomenological estimates in the critical region

In this section we review some predictions of the droplet theory in the 2D Ising model, We
leave details of the theory to [10, 11] and references therein.

Consider the Ising model on the square lattice with lattice constant ¢ and with equal
pair energies J = J; = J;. The notation H; will be used for the magnetic field in the
Ising model. Throughout this section we concentrate on the critical region {A — 1} < 1,
where A(T) = sinh®(2J /keT) is the standard temperature-like parameter which takes the
unit value at the Curie point A(Tg) = 1.

Let us now discuss how a very small magnetic field H; < 0 effects the ferromagnetic
state (T < T.) with positive average magnetization Mp given by the Onsager formula [19]

My = (1 — 2318 =20, — DI 2.1)

If we are considering the droplet model we expect that this state will be destroyed in a
finite time 7. as a result of the fluctuational appearance of a critical cluster; the cluster is
understood to be a compact region of size R, where average magnetization is negative. We
expect further, that for a given temperature T < T the size of the critical cluster goes
to infinity in the limit H; — —0. So, for small enough values of | Hj the critical cluster
becomes large compared with the zero-field correlation length £(T): R. > £. Several
conclusions follow from this notation.

(i) We can average over ‘small-scale’ fluctuations of size of the order oft £(T) and
consider the ferromagnet as a continuous medium with magnetization — M) inside the clustcr
and --My beyond it.

(ii) There is only a very small chance of such large clusters cccurring, so they can be
treated as being well separated from one another.

(iii) The surface tension & associated with the cluster boundary can be taken from the
equilibrinm statistical mechanics [19]

82— DkaTe/(21%a). 2.2)

It should be mentioned that in [19] the lattice is rotated by the angle /4, and the lattice
constant value chosen is g = 27172,

(iv) After averaging over ‘small-scale’ fluctuations one only needs to consider the
spherical clusters.

The free-energy F of such a cluster with radius R is given by the phenomenological
condensation theory [20]

F(R) =27 RS — 2|H)|Mym R?/a?. (2.3)

1 Usually these fAuctuations are known as long-scale fluctuations. We shall reserve this name for the size of the
critical droplet R, which is assumed to be much larger than the correlation length £(T).
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It has a maximum in the radius R, of the critical cluster

Sa¢ kT (A -1

Re= =
“T2AHIMy T |HiM, 27

2.4)

Such a cluster appears with probability P(R.) proportional to the rate of decay z,! of the
metastable state. They are both characterized by the Boltzmann factor [10, 11]

F(R:) whpTe (A — 1)1/
=exp|—
ksTc | H] 21778

P{(R.) ~ tc_l ~ eXp [— 2.5

Phenomenological estimates (2.4} and (2.5) will be reproduced in section 5 using the
transfer-matrix technique.

3. Low-field equation of state in the BCS approximation

We now study the fermionic realization of the Ising model

L d¢tdy D
—_ + —_ T L
H_jo. dx{ng vt dx dx+ 2(

dyr

i
dr

+
¢+d.x

ﬁr)} —HLM. 3.1

Here operators ¥(x) and ¥ ¥(x) describe a spinless fermionic field obeying the standard
anticommutational relations

W), ¥ &) ={yF ), ¢F ) =0
(Y@, ¢ ()} =80 —x°).

Magnetization M > 0 is the square root of the operator

L
M*=L"? f dxy dxad (%18 (x2)

0 N 32)
G (x1)6 (x2) = exp {i?r f dxw‘*(x)w(x}}.

L denotes the system length in the x-direction, H is the magnetic field, parameter Qg is
proportional to the reduced temperature: Qp = —xt, x > 0, t = (T — Ig)/T¢. The latter
relation in (3.2} defines the product of two Ising spin operators &(x;) and & (x2) in terms
of the fermionic field (x).

The Hamiltonian (3.1) corresponds to the extreme anisotropic limit of the ferromagnetic
Ising model on the square lattice in a uniform magnetic field: H can be obtained directly
from the Ising-model transfer matrix by use of sequential duality [21] and Jordan—Wigner
[22] wansformations followed by the formal continuous limit procedure. Correspondence
with coupling constants Ji, Jo > 0 and magnetic field H; of the Ising model in the extreme
anisotropic limit J1/J2 3> 1 is given by [17]

Qo=20.-1) s =a> I'=2a H= aTkH;TC

(3.3)
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where

T = exp{—2J/{(k3Tc}] € 1
A = sinh[2J; / (kg T)] sinh[20s /(s T)] ~ Jo/(zksT)

and a is the lattice constant,

The above fermionic model, being equivalent in the critical region to the Ising mode],
has by itself a very clear interpretation. Operators ¥¥(x) and ¥ (x) create and annihilate,
respectively, a domain wall at a point x. More precisely, fermion trajectories correspond
to the domain-wall lines in the (x, y)-plane. Such a wall separates regions with Ising spin
values o(x,y) = +1 and o(x,y) = —1 (sce figure 1). The last term on the right-hand
side of (3.1) permits us to describe finite-size domains. Relation (3.2} means, simply, that
spins at the points xy, X, are the same or opposite if the number of domain walls between
these two points is even or odd respectively. As is implied by the fermion analogy, the
free energy of two-dimensional classical system is proportional to the ground-state energy
of the quantum one-dimensional Hamiitonian (3.1).

X

Figure 1. A typical configuration of domain walls and Ising spins described by the Hamiltonian
3.1,

The equation of state of the model (3.1) has been studied recently [16,17]. We shall
summarize the main results which will be used in the following sections. )

If H = 0, the Hamiltonian can be diagonalized by the Bogoliubov transformation. Its
ground state has the BCs-like form

|} = exp [% f dx; deyt )Y ()G (x — x2) } |C) (34
where
G(x) = f % exp(ipx) tanfgo(p)]

denotes the “wavefunction of the Cooper pair’, and with o(p) being the angle of Bogolinbov
transformation

Qo + sp* — /(S0 + 5p* + (Tp)?
anlgo(p)) = 22—V = sk Sy
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In the case of a small positive magnetic field H 22 0 the ground state and the equation
of state were obtained by an approximate variational procedure. The ground state was
approximated by the BCS vector ®[gp], like (3.4), where the angle pp(p) was replaced by
some unknown function p{p). It was determined by minimizing the system’s energy

O|H|D) d
EmErﬁgg-fﬁmwm%—mmmhmmwwhHmw
(3.3)
where
R dg d
Mig] ~exp{ f dpsp()f e fl(;)]. (3.6)

The notation f is used for the integral as understood in the sense of the Cauchy principal

value.
The variational equation §E /3@{p) = 0 reads as

. ZMH [~ d d
(Q + 5p%) sin20(p) + T'p cos 20(p) = )[ g de@@)
T Jo{g—p) dg

In the critical region the equation of state following from (3.6) and (3.7) has the scaling
form

3.7

H = CM"h(x;)
where C = ' /(325%) and x; is the familiar scaling variable
t 4duxs
MET?
that lies in the interval —1 < x5 < oc for equilibrium states. It should be noted that the
critical asymptote of the zero-field magnetization in the ferromagnetic phase is

(3.8)

Xg =

Mo(t) = (4Q0s/ THYE, (3.9

The scaling function %(x;} in the adopted BCS approximation is given by the following
construction.
Denote by ¢(p; y,) the solution of the equation

dg  dol(g)
w(@—p) dg

with the boundary conditions ¢(—00; ¥;) = —¢(00; ¥;) = m/4. The parameter y; is given
by

— sign(#) sin 2p(p) + pcos2p(p) = (3.10)

2MHT
= . 3.11
The scaling variables x; and y, are connected by the relation
. 4 O 0 dq a
xs(ys) =sign@®exp1— | dplee(p) —o(p; ¥l +  ———lwola) +¢(g: ¥5)]
E Jewo -0 — P Og

(3.12)
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where @y(p) = —-;— arctan p. The inverse function y;(x;) with prefactor xs2 gives the scaling
function . -

h(xs) =x52}’s(xs)- - (3.13)
It is analytical in the whole intervalf —1 < x; < ©o and leads to correct values of the

critical exponents § = 1/8 and § = 15, ¥ =3’ = 7/4. Perturbation theory analysis of
equation (3.7) in the limit H — 40 yields

M _ { C_(—)71 + 4u)3* 1 (v) t<0 3.14)
OH lyoy L Cot™™* t>0 '
where
(21-.)1/25.1/4
C, =12nC- _ (3.16)
3 f* p*dp
= — al— 15 2[
I(v) 2[_& (0T 0p2 + p7F7% oo v+ vy
v = (S8/T3).

In the critical region, formulae (3.14) can be rewritten in terms of the parameters A, <,
and y = M /8 Hy| =0 of the initial extreme anisotropic Ising model by use of (3.3):

_ 2 —yTe

kpTex o

fort <0 (3.17)
and the same expression multiplied by a factor of 12 for 1 > 0.

Exact calculation of the zero-field magnetic susceptibility for the critical 2D Ising model
was reported by Barouch et @l [23). Tn particular, their formula (14) describes how the
critical amplitudes depend on the pair energies J;, J. Applying their formula to (3.17)
we extrapolate our estimate from the extreme anisotropic limit to the point J; = J; = 1.
Obtained in such a way, critical amplitudes for the Ising model with uait pair energies have
the form

keTox = Cioley™"* (3.18)
C5) =273 In(1 + v2)I7* = 0.961797 62 : (3.190)
¢ = cf/2ny = 0.025512474. (3.19%)

The upper index (0) in the above estimates for the critical amplitudes is written to distinguish
them from the exact values Cpy, Co- given in [23]

Cor = 0.9625817322 Co_ = 0.0255369719. (3.20)

t The initial claim [16, 17) that the scaling function (3.13) is also analytical at the point x; = —1 is incorrect, As
was supposed by Fisher its esseatial singulacity lieg at x5 = —1 (see section 5).
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Guttmann has recentlyi pointed out that estimates (3.19) are not new. This ‘rather accurate
approximate result’ was reported by Tracy and McCoy [24] (see the last sentence in their
paper before the acknowledgments). They derived (3.19) in quite a different way by using
leading terms of certain series for the zero-field correlation functions.

To conclude this section let us present a useful critical asymptote for the scaling variable
¥s, which expresses it in terms of universal quantities in the vicinity of the line T < Tg,
H — 0. In this region the magnetization M in (3.11) can be replaced by its zero-field value
(3.9). Combining (3.11) with (3.9), (3.14), (3.15) and (3.18)-{3.20), in the scaling region
for T < T we can write

H(3M[3H)|n=0

ye = 127 o w-L (3.21)
The aumerical factor
W= Co./CY = 1.00096... (3.22)

was introduced in order to improve formula (3.15) by making it agree exactly with result
(3.20). After replacing H — Hj one can extrapolate the universal relation (3.21) to the
Ising model with arbitrary value of anisotropy ratio J /J», though it was derived in the limit
Ji/J» = oo, In particular, in the case of equal coupling constants J; = J» formula (3.21)
takes the form

ye = 2180, — 1713 B/ kp Te) H; — 0. (3.23)

4. The dilute limit

The most nnambiguous and reliable results obtained in the framework of the droplet (cluster)
picture are related to the dilute limit, It corresponds to the ferromagnetic phase well below
the Curie point where the density of clusters of the opposite phase is small. In our scheme the
dilute limit is characterized by the small angle of the Bogoliubov transformation |p(p)] <« 1.
This allows vs to linearize (3.5) and {3.7) with respect to o{p):

d 1 % dg d
£l = | %{(szn+sp2)qa2<p)+rp<a(p)}—H{1+5§ [ oo f 2 jp___qg;f!)l
4.1
2 Tp H {* dg do(q)
(& + sp )e(p) + = ][_w a7 7 4.2)

t The author was kindly informed by Professor B Nienhuis about this unpublished notation of Professor A J
Guttmann,
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4.1. The coordinate represeniation

Equation (4.2) has a very clear interpretation in the coordinate representation

d? irrdé
(—S@ + Qo) @) + Hix|p(x) = %—df:—) : (4.3)

where x & (—o0, +o0) and
p(x) = 2m)™ f dpe(p) explipx).
This is a Schrédinger-like equation describing relative motion of two domain walls bounding

a cluster. They are coupled by the linear potential H|x| and have a source at the origin.
For positive £y and H equation (4.3} has a bound-state solution given by

A (k1 + 9) (9)”]
i[5 (@)

wlx; )= —-i-E sign(x) (4.4)
7 4s

where
oD
Al(w) = :r‘”zf dv cos(uv + 3v*)
0

is the Airy function; howeyer, if H becomes negative, no localized solutions of (4.3) exist.

One can obtain two linearly independent delocalized solutions @+ (x; H) = ¢(x; H £i0)

by performing an analytical continuation of (4.4) in the complex H-plane from the point
Hy > 0 along the paths H{e) = Hyexp(tiz), 0 € ¢ < .
The minimal value of function (4.1) can be written as

Iz d

= —H - —

[In g{x)] + constant. (4.5)
8s dx

x=-0

The constant on the right-hand side corresponds to a divergent integral which does not
depend on temperature or magnetic field and, therefore, can be omitted. Inserting (4.4) into
(4.5) and using well known properties of the Airy function we find the |H| — O asymptote
of the ground-state energy for both positive and negative values of the magnetic field:

r? 2 e r?
ff >0 = 5, S/s)"—H (1 - m%) +-- (4.6)
H = —|H|£i0
2 2 2 4 o
E="—(Q/s)?-H(1- ki exp | -2 =0 |
SS( 0/5) (1 32s$20)+ :I:ISS3/2 o P | "3 TH R
4.7

The asymptote has the essential singularity at the point i = 0.

Unfortunately, a straightforward transfer of the above analysis into the scaling region
is impossible; the ‘kinetic energy term’ in (4.3) becomes non-local in the latter case (see
section 5.2). To facilitate further analysis of the scaling limit, we shall consider the dilute
limit directly in the momentum representation.
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4.2. The momentum representation

Rewrite equation (4.2) as

H @ d d
@0+ 595 = = f 14 1@+ @) 48)

-0 (g~ p)dg

where £ (p) = ¢(p) — ¢o(p) and go(p) = —T'p/{2(820 + sp*)]. Let us define two functions
g+(p) of the complex variable p as

400

gx(p)=n""1 f dgt(g)g — p)! Impz0 - 4.9

=2}

which are analytic in the upper and lower half-planes respectively. Using the Plemel
formulae, one obtaing from (4.8) two eguations in the real p-axis:

dg+(p)/dp —dg-(p)/dp =2ids(p}/dp (4.10)
dg+(p) | dg-(p) K 2 dg dwo(q)] 5
H 24 TR o . (4.11
[ ap + i + = - g (S0 +sp)¢(p). (4.11)

Adding (4.10) to (4.11) we have

—iH dz(p}/dp = (S + spH(p) + Hp(p) (4.12)
where

o(p) = po(p) — dg+(p}/dp (4.13)

+60 Tps$nyli2
polp) = -z~ ][ dg(g — p)~" depdq)/dg = (;:ST;'J;Z);- (4.14)

Let vs imagine for a while that we know the function p(p} in equation (4.12). Its formal
general solution is then given by

, .
(p) =i f dgp(q) exp { SLF() = f(q)]} (4.15)
P

where f(p) = Qop + Lsp’.

It is clear that in the case ImH > 0 we must put pyp = +00 in (4.15), whereas
for ImH < O we have to assign pg = —oo. Only such a choice permits us to prevent
divergency in integral (4.15) and to obtain a solution going to zero as p — zkco. In the
half-line Im A = 0, Re H > 0 these two functions must coincide, since a unique bound-state
solution is expected in this case; however, for In H# = 0, Re # < 0 we have two different
solutions ¢4 (p; H) = t(p; H £i0) given by

» .
tx(p; H) =iL dqp(q)eXP{é[f(p) - f(q)]]- (4.16)

Continuing (4.16) from the real p-axis into the upper half-plane Im p > (, we can neglect
the term dg, (p)/dp in (4.13) and replace p(p) by po(p) in (4.16) for small enough values
of | H|. Therefore, for the difference

Ar(ps HY=¢(ps H+10) — ¢(p; H — i0) 4.17)
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we have the asymptotic relation
A¢(py HY = —D(H) explif(p)/H] 4.18)
valid under conditions Imp > 0, In H =0, Re H < 0 and |H| — 0. Here

+co 91/2 2
D(H) = f_ dgpn(g) sin[f(g)/HI = (T/2) (lj;“ 3/2) .

Recalling that £ (p; H) is an odd function of p, one can immediately write down the similar
relation for Im p < 0:

AL(p; H) = D(H)exp[—if (p)/H]).
So, in the whole p-plane including the real axis we can write

Ap(p;s H) = —-2iD(H) sin{ f(p)/H]. “.19)
Inserting (4.19) into the relation

H [+
AE(H) = E(H +10) ~ EQH —i0) = 5~ f_ dppo(P)AL(P) (4.20)

~ following directly from (4.1) and (4.2), we have finally for H <0, |H| = 0

20y 4 o '
- — 2 ——_e_
AE(H) [HlD = j—— T exp( 3 TH 4.21)

in agreement with our previous result (4.7).

5. The scaling limit

In the critical region, thermodynamics is determined by fluctuations with momenta p small
compared with €29/s. So, we can drop the term sp? in the energy function (3.5). Then,
after regularization, it becomes

d
RegE = f Zf{ﬂo[cos 2¢0(p} — cos 29(p}] + Uplsin2¢(p) — sin2g0(p)l} — HM (5.1}

where

Reg E(H,T) = E(H,T)— E(0,T)
Mly] =MOBXP{ f dpi(p )]{ —-—————[:(q)+2sau(q)]]

As in the previous section, ¢y(p} and ¢ (p) denote the zero-field solution and field-induced
deviation respectively:
wo(p) = —3 arctan{T"p/ Q) £(pY = 9(p) — ¢o(p).

The zero-field magnetization My is given by (3.9).
As we are interested in the case of extremely small magnetic fields, we can linearize
the first term in function (5.1} with respect to £ {p):

Reg £ = f —-;z(p)[92+(rp)21”2 HM. (5.2)
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3.1, The momentum representation

The variational equation following from (5.2) reads

29172 _ M ® d_g L
[92 + (TpY1 2 (p) f — @)+ @] (5.3)

Its asymptotical analysis for small magnetic fields H is almost the same as that given in
section 4.2 for the dilute imit. We restrict ourselves to sketching the principal points.
Using notation (4.9) we obtain

—iMH dz(p)/dp = [Q2 4+ (Tp)) ¢ (p)

+MH[—dg+(p)/dp —n"f

-0

[=>~]

d
= d?’o(?)/dq:|- (5.4)

It is convenient to rewrite the above equation in terms of the new independent variable
1 = arcsinh(T"p/ p):

— iygdz(u)/du = 2¢ (u) cosh® u + ysp (1) (5.5)
where ys is the familiar scaling parameter (3.11) proportional to the magnetic field, and
() = po(u) — dga.(u) /du

dp/du {* d
Polu) = ~ p;i uf py c dgoo(q)/dq-—ltanhu

The formal solution of (5.5} is given by
s ) = i[ dup(v) exp [;t"[f(u) - f(v)]} (5.6)

where f(u) = u+% sinh 24. As in the dilute limit, we must choose up = +oco for Im y; > 0,
and ity = —oo for Im y; < 0. Consider now the case of a negative magnetic field, i.e. y, < 0.
In complete analogy with (4.19) we have

AL(u; ys) = £(u; s +10) — £(; 5 — §0)

= —2iD(ys) sin[ f (1)/ ¥s) 5.7
where
+oo
D)= [ dupo()sinlF 0}/ 58)
- '
The latter integral is given in ihe limit y; — —0 by the asymptotical formula
1
D(y) & (n/6)exp [— - -—Jr—} 59
3 2y

describing the contribution of the saddle point vp = i[Z — [%['/3] of the integrand.
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A representation analogous to (4.20) can be written as

H|M +oo | 7
sran =152 [ Capscoimf —dm@s. (5.10)
n —0a - d =P
- Inserting (5.7) and {5.9) into (5.10) for H < 0, |H| — 0, we finally obtain
AH My, 1H| Mo [2 T :|
AE(H) =1 D=1 expl=-——|. 5.11
(H) - 3 STy (5.11}

Thus, in both dilute and scaling limits we observe similar behaviour of the free-energy:
it has branching and essential singufarities at the point # = @, in agreement with the
predictions of the droplet model.

Rewriting (5.11) by use of (3.21) in terms of the initial Ising model gives

Hi M, M,
| Hy] oex[fl 0 W:I

12 3

Im F(—|H;] £i0) = =+
m F{—|Hj| == i0) 3 Tmy

(5.12)

Here F is the free-energy per unit site, W = 1.00096. .. is the numerical constant {3.22)
and the magnetic susceptibility x is taken at the zero field.

Though relation (5.12) was derived in the extreme anisotropic- limit, it appears to be
independent on the anisotropy ratio J)/J2, as impiied by the universality hypothesis in the
critical region. For the case J; = J, we have

(5.13)

- 1/8 _ g
Im F (= By| & i0) = £ A Z DT7 [%_zrksrc(), 1)15/]

12 P37 T 20

Formulae (2.1) and (3.23) have been taken into account. Apart from the prefactor, the
result (5.13) coincides with the droplet model phenomenological estimate (2.5) for the rate
of decay of the metastable state. Linear dependence on the magnetic field of the prefactor
in (5.13) is also in agreement with predictions of the droplet theory. Such z behaviour
is commonly associated with the contribution of the Goldstone excitations on the droplet
surface [9,25]. Thus, we have given a strong support to the applicability of the droplet
model in the critical region and to Langer’s conjecture cited in the introduction.

3.2. The coordinate representation

Int the critical region the coordinate representation is not as convenient as in the dilute limit.
Nevertheless, it provides a better insight into the nature of the metastable state. Throughout
this section the case of a small negative magnetic field H < 0 is considered.

First, let us note that for the arbitrary probe function @(p), function (3.5) gives an exact
upper bound for the ground-state energy of the Hamiltonian (3.1}, Rewriting (5.2) in the
coordinate representation, we obtain the inequality

E(H,T) — E(H,0) > f dry deag* () () L (1 — xa) — H My

X exp [ - f dx [x[$™(x)[E (x) +2§00(x)]) (5.14)

where

i d
L{x) = f “2“:%[9% + (Tp)*)H2 exp(ipx).
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Now let us choose the trial function ¢(x) as
sign(x) (1x] — xo)*
—_—xp | |.
Q22 (2m7)1/4 442
For xg, d >» I'/ £ and small enough constant C the right-hand side in (5.14) reduces to
|CI2Qy — H Myexp{—xo|CI). (5.16)

The BCs-like state ¢ corresponding to (5.15) has an obvious interpretation; it describes the
zero-field ferromagnetic vacuum with 2(Z/1) = L|C{* extra domain walls intersecting the
interval (0, L) of the x-axis. The extra domain-walls bound L/ large-scale clusters of size
xg. If (xp/1) & 1 then these clusters do not intersect with each other and (5.16) transforms
into

tx)=C (¢.13)

[H [Mo + 2/ (2 — 1 H| Moxo)- (5.17)

The first term gives the energy of the ferromagnetic metastable ‘ground state™; the second

term corresponding to large-scale clusters becomes negative for xg > x.. The size of the

critical cluster x; is given by

_§p roeor
|H|Mo  [ys] Q0
Let us map this result to the Ising model. In the extreme anisotropic limit using (3.3)

we obtain

{(5.18)

Xe

= 1 2a
T lnl G =1)
As is known, critical fluctuations in the Ising model with arbitrary Ji, J; become isotropic

and universal if one describes them in terms of the scaling coordinate »(m,n) given by
{26}

(3.19)

n? m? 112
r=lnzntatzn-l + } : 320
iz 2+ 22 '{zz(l—zf) zu(l —23) ©:20

Here n and m denote the column and row of a site in the square lattice and
71 = tanh(J;/ ks Tc) 2o = tanh(h/ kg o).

For n = x./a and m = 0, formula (5.20) reduces to
r=(x/a)|x -1

in the extreme anisotropic limit J;/J» > 1, and to
r=(x./a)|A — 1|/v2

for J, = J.. Therefore, we obtain an extra factor ~/2 in the latter case:

_ 1 24/2a o
T hle-D |
By use of (2.1) and (3.23) we rewrite the above formula as (J; = J; is supposed)
keTe (A —1)

Xy = m-—-{ﬁi—a = 2Rc (521)
where R is given by (2.4). We see that the size of the critical cluster resulting from the
above transfer-matrix analysis is the same as the diameter of the spherical critical droplet
given by the phenomenological condensation theory.
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6. Conclusions

The present analysis of the 2D Ising model and related fermionic theory supports the droplet
theory of condensation in both dilute and scaling limits.

(i) In both cases we observed a very weak essential singularity in the free-energy at the
origin H = 0.

(ii) When the free-energy is continued analytically into the half-line # < 0 it gains a
non-zero imaginary part. For the critical Ising model this imaginary part coincides, apart
from some prefactor, with the rate of decay of the metastable state estimated in the frame
of the phenomenological droplet condensation theory.

(iii) For H « 0, T < T¢ the metastable ‘ground state’ of the transfer matrix becomes
unstable. In the fermionic analogy it looks like quantum tunnelling of a particle from a
potential-well through a barrier of finite size and width. The width of the barrier coincides
with the diameter of the critical droplet estimated phenomenologically.

It should be pointed out that in our analysis we have followed the ideology of Langer’s
paper [9]. However, in contrast to [9] we considered the quanturn Hamiltonian (3.1) derived
directly from the Ising model transfer matrix. This allowed us to make a quantitative
comparison of our resulis with predictions of the droplet model.

We emphasize once again that we have used the approximate evaluational procedure
based on the BCS ansatz for the ground state of the transfer matrix. An important question
remaining, is to what extent the results obtained depend on the above approximation? It
is unlikely, however, that the main results will change in the exact treatment. The droplet
picture can be taken to imply that there exists a path (or paths) in the configurational space
that links the metastable state with thermodynamically more preferable configurations. This
enables the system to relax in a finite time. The ‘narrow throat’ of the relaxation is just the
critical cluster. In sections 2 and 5 we demonstrated, from different points of view, that in
the critical region such paths can be associated with spherical clusters (droplets). If some
others paths ate also important then they could only give additional channels of relaxation
which would increase the rate of decay. Thus, the main conclusions of the droplet model
will hold.
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